Abstract. For any integer x, let T x denote the triangular number
Introduction
In 1796 Gauss recorded in his diary that he had found a proof that every natural number is a sum of three triangular numbers. This is equivalent to the statement that every natural number of the form 8n+3 is represented as a sum of three squares. That only numbers not of the form 4 a (8n + 7) with a and n nonnegative integers can be represented as a sum of three squares was proved by Legendre in 1798 and independently by Gauss himself in 1801. Later in 1862 Liouville considered a more general type of ternary Diophantine problem. Namely, he determined all triples of positive integers (α, β, γ) for which the ternary sums αT x + βT y + γT z represent all positive integers. Here, T x denotes the polynomial x(x + 1)/2 in the variable x. For a more detailed historical account of subject, the readers are referred to [1] and [15] . Recently, Sun and his collaborators determined in [7] , [12] and [13] all triples of positive integers (α, β, γ) for which the mixed sums of squares and triangular numbers of the forms αx 2 + βy 2 + γT z and αx 2 + βT y + γT z represent all positive integers.
We call a polynomial of the form αT x + βT y + γT z a ternary triangular form. A ternary triangular form is said to be almost universal if it represents all but finitely many positive integers. In [14] Sun conjectures some infinite families of ternary triangular forms to be almost universal. All the triangular forms on Sun's list have been studied by Kane [9] , and for each of them he has either confirmed or disproved its almost universality. In their work [10, Theorem 1.17] Kane and Sun give necessary and sufficient conditions on (α, β, γ) with ord 2 (α) = 0 ≤ ord 2 (β) ≤ ord 2 (γ) such that αT x + βT y + γT z is almost universal, except in the cases when (ord 2 (β), ord 2 (γ)) = (0, 3), (1, 4) , (2, 2) and ord 2 (β) = 3 or 4.
In these exceptional cases they give only sufficient conditions, but in [10, Conjecture 1.19(ii)] they conjecture that those sufficient conditions are also necessary.
The main goal of this paper is to resolve Kane and Sun's conjecture. Our approach is similar to that of [10] in the sense that both rely heavily on the theory of primitive spinor exceptions of ternary quadratic forms. However, instead of using only diagonal quadratic forms derived from αT x + βT y + γT z , we adopt the geometric language of quadratic spaces and lattices which is more flexible and hence allows us to use more fully the known results. In particular, the representations of a ternary triangular form αT x + βT y + γT z are the same as the representations of the ternary Z-lattice L associated to the quadratic form αx 2 + βy 2 + γz 2 satisfying some specific congruence conditions. This, in turn, is equivalent to the representations of a suitable coset of the sublattice 2L. We then consider the Z-lattice M generated by this coset and other auxiliary Z-lattices, which are not necessarily diagonal, whose representations without congruence conditions will correspond to the representations of the original ternary triangular form.
Instead of giving the arguments just enough for proving Kane and Sun's conjecture, we provide the proof of a complete characterization of all positive almost universal triangular forms. Theorems 3.1 to 3.6 presented in Section 3 together effectively determine when a given triangular form αT x + βT y + γT z is almost universal. This not only is for the readers' convenience but also provides a much better understanding of the geometric setting we described above.
The subsequent discussion involves the computation of the spinor norms of local integral rotations and the relative spinor norm groups of primitive representations of integers by ternary quadratic forms. The readers can find all the relevant material and formulae in [4] , [5] , [6] and [8] .
Notation and preliminaries
Henceforth, the geometric language of quadratic spaces and lattices will be adopted, following [11] . Any unexplained notation and terminology can be found there. All the Z-lattices discussed below are positive definite. If K is a Z-lattice and A is a symmetric matrix, we shall write "K ∼ = A" if A is the Gram matrix for K with respect to some basis of K. The discriminant of K, denoted dK, is the determinant of A. An n × n diagonal matrix with a 1 , . . . , a n as the diagonal entries is written as a 1 , . . . , a n . The symbol θ always denotes the spinor norm map.
When we work with primitive spinor exception, we shall follow the notation introduced in [6] . In particular, if t is a primitive spinor exception of gen(K) and p is a prime, then θ * (K p , t) is the primitive relative spinor norm group of the Z plattice K p . If E is a quadratic extension of Q, N p (E) denotes the group of local norms from E p to Q p , where p is an extension of p to E.
Let a, b and c be relatively prime positive odd integers, and let r ≤ s be nonnegative integers. The square-free part of abc is denoted by sf(abc). Let L be the Z-lattice a, 2 r b, 2 s c with respect to the orthogonal basis {x 1 , x 2 , x 3 }, and let 
Proof. Suppose that aT x +2 r bT y +2 s cT z is almost universal. Then v+2L represents all but finitely many integers of the form a + 2 r b + 2 s c + 8n. Let p be an odd prime.
The second assertion in (1) is [11, 92:5] .
For (2), note that for every place p (including the case p = ∞), Q p L is isotropic if and only if the Hasse invariant of Q p L is equal to (−1, −1) v [11, 58:7a] . By the Hilbert Reciprocity Law it follows that the number of places p over which Q p L is anisotropic is even. Since RL is anisotropic, Q 2 L must be anisotropic as well.
The condition that L p represents all p-adic integers for every odd prime p can be stated in the following more elementary manner:
(i) a, b, c are pairwise relatively prime; and (ii) if an odd prime p divides one of a, 2 r b or 2 s c, then the negative of the product of the other two is a square modulo p. This is precisely the condition described in [10, Lemma 3.1].
Let M be the Z-lattice Zv+2L. Its Gram matrix relative to the basis {2x 1 
Proof.
(1) This is obvious if a + 2 r b + 2 s c is odd. Suppose that it is even. Then 0 = r < s and, since L 2 is anisotropic, a + b ≡ 2 mod 4 or ≡ 4 mod 8.
Suppose that a+b ≡ 2 mod 4. When s ≥ 2, then ord 2 (a+b+2 s c+8n) = 1 for all n and P 2 is a proper 2-modular Z 2 -lattice which represents a + b + 2 s c. Therefore, P 2 also represents a + b + 2 s c + 8n for all n. If s = 1, −dP = −4b(a + 2c), which cannot be a square in Z 2 . Therefore, a + b + 2c ≡ 4 mod 8. This implies that P 2 ∼ = 2A(2, 2), which certainly represents all integers of the form a + b + 2c + 8n.
Suppose now that a + b ≡ 4 mod 8. Then s is odd since L 2 is anisotropic. If s = 1, then P 2 is proper 2-modular; otherwise P 2 ∼ = 2A (2, 2) . In either case, the proof can proceed as is in the last paragraph.
( 
Main results
We continue to assume that a, b, c are relatively prime positive odd integers and r ≤ s are nonnegative integers. Theorems 3.1 to 3.6 below determine exactly all the triples (a, 2 r b, 2 s c) for which aT x + 2 r bT y + 2 s cT z are almost universal. There is no doubt that one can forge a single theorem by combining all six together. But we refrained from doing so since the end result would have been complicated and less transparent to the reader. When s = 1, Lemma 2.3 cannot apply even though one can show that gen(M ) still has only spinor genus. Consider the Z-lattice R with R p = M p for all odd primes p and
Note that R ⊆ M and
Since (a + b + 2c)/4 is odd, 
We first determine the conditions for which gen(G) does not have an odd primitive spinor exception and hence Lemma 2.3 applies. Suppose that t is an odd primitive spinor exception of gen(G). Let E be the field
) (see the proof of Lemma 2.2(2)). When s is even, ord 2 (dG) = s + 1 is odd, and so
E). Hence gen(G) does not have any odd primitive spinor exception when s is even.
Now, let us assume that s is odd. Then E = Q( √ −1), and so t = m 2 sf(abc) for some odd integer m. Let p be a prime congruent to 3 mod 4. By [6, Theorem 1(a)], either ord p (sf(abc)) = 0 or p t. Thus every prime divisor of sf(abc) must be congruent to 1 mod 4. At the prime 2, we have
From [8, Proposition B] we know that θ(O
) is a subgroup of N 2 (E), we must have
: (x, −1) 2 = 1} and ab ≡ 1 mod 8. Therefore if either (2) or (3) is satisfied, then gen(G) does not have any odd primitive spinor exception.
We claim that if ab ≡ 1 mod 8 and every prime divisor of sf(abc) is congruent to 1 mod 4, then sf(abc) is a primitive spinor exception of gen(G). Under these conditions we have sf(abc) ≡ 1 ≡ mod 4. Thus sf(abc) is represented primitively by gen(G). The field Q( −sf(abc)dG), still denoted by E since no confusion will arise, is just Q( √ −1). When p is an odd prime, it follows easily from [6,
For the prime 2, we need to look at [6 
sf(abc). Therefore, θ * (G 2 , sf(abc)) = N 2 (E). This proves our claim. Now suppose that conditions (1), (2) and (3) 
s c + 8n must be in v + 2L; hence aT x + bT y + 2 s cT z is almost universal. This completes the proof of the theorem.
The next case we consider is when r = 0 and a + b ≡ 0 mod 4. Suppose that s = 1. Since once again ab ≡ 3 mod 8, sf(abc) must be divisible by a prime that is congruent to 3 mod 8. This shows that gen(G) cannot have any odd primitive spinor exception, where G = M 1/2 as is in the proof of the previous theorem. We then apply Lemma 2.3 to show that aT x + bT y + 2 s cT z is almost universal. Now, let us suppose that s ≥ 3 and s is odd. Consider the sublattice R of M defined by setting R p = M p for all odd primes p and
. It is not hard to see that
One can show that gen(R 1/4 ) primitively represents all positive odd integers, and by [6, Theorem 2(c)] it follows that gen(R 1/4 ) does not have any odd primitive spinor exception. Therefore, R primitively represents all sufficiently large integers of the form a + b + 2 s c + 8n, and so aT x + bT y + 2 s cT z is almost universal.
We now proceed to the cases in which 0 < r < s. For technical reasons, we treat the cases 3 ≤ r and r = 1 or 2 separately. Over Z 2 , Thus θ(O + (M 2 )) = N 2 (E). Now, by [6, Theorem 2(c)] we have θ * (M 2 , sf(abc)) = N 2 (E). Therefore, sf(abc) is a primitive spinor exception of gen(M ).
The final step is to show that if both (1) and (2) do not hold, then aT x + 2 r bT y + 2 s cT z is almost universal if and only if (3) holds. This can be done by the same argument used in the proof of Theorem 3.1. For the rest of the cases, there are the following slight changes that need to be made. First, the field E = Q( √ −tdM ) is Q( √ −1) if s − r is even, and Q( √ −2) if s − r is odd. This explains the appearance of the quantity δ in the statement of the theorem. Second, as s − r changes the set Q(P(W )) changes as follows [4, 1.9] 
